Abstract. We found an explicit description of all GL(n, R)-Whittaker functions as oscillatory integrals and thus constructed equivariant mirrors of flag manifolds. As a consequence we proved the Virasoro conjecture for flag manifolds.
Introduction
A general quintic hypersurface in CP 4 is a compact Calabi-Yau threefold. Its rational Gromov-Witten invariants had been predicted by mirror symmetry discovered in string theory [1] . The prediction was proven by Givental [7] , which is to be explained as follows. Let n d be the virtual number of degree d rational curves in the quintic threefold and let F (q) = 1 + 
where t = ln q and is a formal parameter. The prediction was that the solutions to the quantum differential equation coincide with those to the Picard-Fuchs differential equation of the mirror family after the explicit mirror transformation. The periods I, the solutions to the Picard-Fuchs differential equation, are
where Γ are real 3-cycles in the affine varieties {x 1 +...+x 5 = 1, x 1 ...x 5 = q} birational to the mirror manifolds.
In 1993 Givental proposed a generalization of this mirror phenomenon to non-Calabi-Yau manifolds. A mirror family of a Fano manifold fq/ ω q of solutions to the quantum differential equations of X up to change of coordinates, where q ∈ H 2 (X, C)/2π √ −1H 2 (X, Z). Here f q is a holomorphic function on a possibly noncompact variety Y q and ω q is a holomorphic volume form on Y q . The mirror theorem has been established for Calabi-Yau or Fano complete intersections X in a projective space [7] and further generalized to the case when the ambient space is a Fano toric projective manifold [9] .
The quantum differential operators for the flag manifolds have been found in [14, 8] to be "quantum Toda operators"which are by definition nonconstant integrals of motions for quantum Toda lattice. Moreover a mirror family of the flag manifold has been constructed in [8] . In this paper we build the equivariant mirror of the flag manifold, that is, a stationary phase integral representation of complete spectra of quantum Toda operators (see theorem 3). Using the equivariant mirror construction we confirm the so-called "R-conjecture"which leads to a proof of a formula for any genus gravitational descendent potential for flag manifolds and as a corollary we obtain the Virasoro conjecture for the manifolds (see theorem 4, theorem 7, and corollary 3). The equivariant version of the formula was obtained in [11] .
Finally we remark that the integral representation that we found gives another explicit description of all GL(n, R)-Whittaker functions [13, 17] .
Quantum Differential Operators for Flag Manifolds
2.1. Quantum Toda Operators. Denote by t i , i = 0, ..., n, the standard coordinate functions on C n+1 , and let q i = e t i −t i−1 , i = 1, ..., n. 
which is a quantization of the Hamiltonian of non-periodic Toda lattice. The quantum Toda lattice is a completely integrable system with quantum integrals D i , i = 1, ..., n + 1. We include an elementary proof of the commutativity of D i 's which is known. Proof. Let m be the order of the differential operator D and for mul-
... 
has no order m + 1 part. Now we apply the induction hypothesis to α 0 =k a α ∂ α whose coefficients do not depend on t 0 and conclude that a α ∈ C[ ] if α 0 = k. The conclusion is contradictory to the assumption that for all α, a α is not in
Proof. The commutativity of H and D i is proven in [8] 
However the polynomials a(
2.2.
Givental's J-functions for flag manifolds. Recall that the (resp. equivariant) quantum differential operators are defined to be operators which annihilate the (resp. equivariant) J-functions. For the flag manifolds they are generated by the quantum Toda operators.
Let F l(n + 1) be the set of all complete flags
It is the flag manifold of dimension n(n + 1)/2. Consider the torus T = (C × ) n+1 action on F l(n + 1) induced from the standard T action on C n+1 . Denote by V i the universal subbundle over F l(n + 1) with fiber V i at point (V 1 , ..., V n ). Let p i be the equivariant first Chern class c
Here the following convention is used: the i-th equivariant Chern class c T i (V n+1 ) is the i-th elementary symmetric polynomial σ i in λ 0 , ..., λ n . Then it is known that the equivariant small quantum cohomology ring of F l(n+ 1) is generated by p i with relations
.., n + 1. From now on take a torus T as the subgroup {(a 0 , ..., a n ) | i a i = 1} of (C × ) n+1 so that σ 1 = 0.
Let M g,m (F l(n+1), d) be the moduli of degree d stable maps (f, C, x 1 , ..., x m ) to F l(n + 1) from m pointed prestable genus g curves C and let ev i be the evaluation map at the i-th marked point. Thus, f :
is by definition f (x i ). Let ψ i be the first Chern class of the universal cotangent orbi-line bundle, whose fiber
Theorem 2. ( [14, 8] )
for all i and α.
Equivariant mirrors of flag manifolds
In this section we find a stationary phase integral representation of all solutions I to D i I = σ i I, where i = 1, ..., n + 1. To do so, we shall make use of Givental's construction I ′ = Γ⊂Yq e f ′ q / ω of the mirror of the flag manifold [8] . It satisfies differential equations D i I ′ = 0. From such I ′ , in order to build spectrum solutions, we shall add appropriate weight factors to the phase function f ′ and show that if I = Γ⊂Yq e (f ′ q + the weight factors)/ ω q , then D i I = σ i I, i = 1, ..., n + 1. Introduce a graph and coordinates for vertices in the graph:
For each edge introduce edge variables: u ij denotes the vertical edge variable such that whose head vertex has coordinate (i = diagonal, j = "x-axis"). Also v ij denotes the parallel edge variable whose tail vertex has coordinate (i, j). Edges will be identified with corresponding variables.
For each box
in the graph, impose "box"relation
For each roof
in the graph, impose "roof"equation
For nonzero complex numbers q i , i = 1, ..., n, define Y q to be the affine variety
given by all box equations and all roof equations. It is a complex torus (C × ) n(n+1)/2 . The fact follows from the interpretation of each edge variable as the fractions of "voltages"at vertices of the edge. To each vertex, assign free vertex variables T ij with one condition
It is a complex valued function on (t 0 = T 00 , t 1 = T 0,1 , ..., t n = T 0n ) with t 0 + ... + t n = 0. Here Γ is a descending Morse cycle of Ref q with a suitable Riemannian metric on Y q . Γ varies covariant constantly with the Gauss-Manin connection on the relative homology bundle with fibers
Observe that the form ω q can be defined on Y q since it is translation invariant.
To outer edges ǫ, that is, edges whose targets are (i, 0) or sources are (i, n − i), assign weights λ ε by
For each edge ε which are neither at the far left nor at the bottom of the graph, let
• 1 2
The assignment of weights on edges is given to satisfy the condition that the sum of outgoing weights minus the sum of incoming weights at each vertex at diagonal level k is exactly
This property will enable us to prove the equivariant mirror theorem for flag manifolds.
Now define a phase function f q by
The first and second summation terms are respectively f ′ q and the weight factor that we mentioned in the beginning of this section.
Define σ i by equation
We state the equivariant mirror theorem for flag manifolds and shall prove it in section 3.1 and 3.2. 
Corollary 1. Let q be a general point in C n . Then there are (n + 1)! critical points of f q . Furthermore they are all nondegenerate.
Remark. When λ i = 0 for all i, the above theorem is proven in [8] .
3.1. Proof of theorem 3. Since ∂fq ∂t i does not depend on t j if j = i, the amplitude created by operating D i on I Γ are the corresponding coefficients of the characteristic polynomial of A 1 − λ 0 I, where
To prove the theorem it is enough to show the following.
where A n+1 = 0.
Proof. As noticed in [8] ,
, we see that
Note that the terms in det(V k U k −λ k−1 ) which involve the derivatives of
might have extra multiples of edge variables whose vertices are not (k, i). However if P is a polynomial of edge variables except whose vertices are not (k, i), the following holds:
This completes the proof.
Proof of Corollary 1. Let
Y is a complex torus (C × ) n(n+1)/2+n . For λ = (λ 0 , ..., λ n ) with λ i = 0, denote by Z λ the closed subscheme in Y defined by the ideal generated by
, which is an irreducible nonsingular rational variety [16] . Since det(A 1 − λ 0 I + xI) = Π n i=0 (x − λ i ) on Z λ as shown in the proof of proposition 2, a morphism φ :
Direct inverting of φ shows that φ is a birational morphism. Let π be the projection from X λ to (C × ) n defined by π(p, q) = q. The projection is a finite map of degree (n + 1)! which is verified by the dimension of the algebra
. Now the proof of the corollary follows from the irreducibility of X λ , the degree of the projection π and Sard's lemma.
3.3.
Study of the phase function f q . Given a sequence σ = (k 1 , ..., k n ) of integers where 0
The thick lines indicate the substituted edge variables. ±1 and q k with at least one factor among q 1 , ..., q n .
Proof. To apply induction on n, let L be the triangular graph introduced in the beginning of section 3 and let L k be the triangular sublattice of L whose vertices (i, j) satisfy inequalities k ≤ i. The edges of L k are by definition the edges of L, connecting neighboring vertices of L k .
Note that L 0 is the full lattice L. Introduce new variables associated to the sublattice L k as follows,
By the induction hypothesis, we can assume that
q is regular at q 1 = ... = q n = 0 and has exactly one simple critical point at the origin q = 0. Therefore there is exactly one critical point of f q whose limit as q goes to 0 is the simple critical point of f σ 0 . Let us denote by Γ σ the descending Morse cycle of f q , whose limit is the Morse cycle Γ σ,0 of f σ 0 . Now we obtain a corollary which will be applied to the proof of theorem 4.
where σ(i, j) is defined as in the previous proposition and C σ(i,j) is the descending Morse cycle of an one-variable function x + σ(i, j) ln x.
For later use, for a given sequence σ = (k 1 , ..., k n ) of integers 0 ≤ k i ≤ n − i + 1, we define σ(i) ∈ {0, 1, ..., n} by the requirement
so that we may identify σ as a permutation element of the symmetric group S n+1 of n + 1 letters.
the Virasoro Conjecture

The fundamental solution of the form ΨRe
U/ . Now we recall the equivariant big quantum cohomology of a projective algebraic manifold X with a Hamiltonian torus T -action. Fix a homogeneous basis {φ α } of H * T (X, C). For simplicity assume that H * (X, C) = H even (X, C) (i.e. there are no odd classes) and there is a basis ω i of 
is by definition
Here is an explanation of notation in the equation
virt denotes the virtual fundamental class of the moduli space M g,m (X, d) of stable maps to X with genus g, m marked points and degree d ∈ H 2 (X, Z). Secondly, t ∈ H * T (X) is considered as t = t α φ α and the integral is taken as the equivariant pushforward so that the value is in H * (BT ). The potential function defines the equivariant big quantum cohomology of X as following. Let H = H *
T (X, C[[Q]]).
The quantum cohomology is a certain multiplication structure on the tangent space T t H. The quantum product ∂ ∂tα
Here (, ) is the equivariant Poincaré pairing on T t H defined by ( • shows that
Notice that u i linearly depends on t α 's modulo Q and Ψ is constant modulo Q.
The Lagrangian scheme L ⊂ T * H is defined by equation p 2 = λ 2 + e t Q and 1 = 1 where p is the cotangent direction variable associated to −t 0 = t 1 and 1 is the cotangent direction variable associated to the identity element of
. The fiber L (t 0 ,t) of L over a point (t 0 , t) of H consists of two points {(1, ± λ 2 + e t Q)}. Then du ± = dt 0 +p ± dt = dt 0 ± λ 2 + e t Qdt so that we may set u ± = t 0 ± λ 2 + e t Qdt. The canonical vector fields are
Then with respect to the ordered basis {1, p} of H * (CP 1 )
On the other hand, we have shown that {(p, q)|
. At critical points of f q , df q = pdt, so that u ± (λ, q) = t 0 + f q (p ± (λ, q), q) (up to constant addition). Thus, e t 0 / I Γ ± ∼ e u ± / (up to constant multiplication). In fact a direct computation shows that at critical points
Near a semi-simple point u, due to the papers [10, 11, 12] there is a fundamental solution of form ΨRe U/ such that Ψ and U are defined as above and R for all i, 1. the orthogonal condition: R t ( )R(− ) = 1, 2. the classical limit condition: its classical limit of letting Q → 0 is exp (diag(b 1 , ..., b N ) ) where
Here B 2k are Bernoulli numbers defined by x/(1 − e −x ) = 1 + x/2 + ∞ k=1 B 2k x 2k /(2k)!, 3. the equivariant homogeneity condition:
R-Conjecture ( [12] ) The matrix R has the nonequivariant limit of letting λ 0 → 0, ..., λ n → 0 and thus the nonequivariant limit satisfies the homogeneity condition ( ∂ + u α ∂ α )R( ) = 0 where u α denote the corresponding nonequivariant canonical coordinates.
We shall prove the R-conjecture restricted to H 2 T (X) when X is a flag manifold. In such restriction the homogeneity condition is replaced by (
T (X) = 0. There are two known ways to obtain fundamental solutions of form ΨRe U/ restricted to H general λ and then continuously). So we use the same label. If
is a flat section for all α [7] . Recall if
which is denoted by S 1,α . We see the equality using the string and divisor axioms. Suppose that X is a Fano manifold. Let T act on X and assume that H * T (X) is generated by the second cohomology classes {ω i }. Here T could be just the trivial action. Let D be the algebra of differential operators ∂ ∂tα over C[λ, Qq, ]. Then the following lemma holds.
by the flatness of the section s α , where the vector fields on the affine space H * (X) are identified with classes in H * (X). Notice that the degree of each homogeneous term of the q-linear combination class φ • ω i − φ ∧ ω i is less than deg φ ∧ ω i since X is a Fano manifold. This completes the proof. 2
Remark. When X = F l(n + 1), since the oscillatory integrals I and S 1,β with Q = 1 generated the same D-module, we conclude that the matrix (D α I j ) is a fundamental solution of ∇ with Q = 1 for some
Theorem 4. The R-conjecture restricted to H 2 T (X) is true for X = F l(n + 1) with the T -action.
Proof. We may let Q = 1 by the requirement 0 of the conjecture. Recall that
is a flat section by remark above. Since
fq/ φ α,q ω for some polynomial φ α,q in λ, , and q i (see Proposition 3), we have the asymptotic expansion
of the integral. From the expansion we obtain the fundamental solution Ψ osc R osc e U/ where R osc = 1 + (R 1 ) osc + ... and
We shall see that Ψ osc coincides with Ψ up to left multiplication by a constant matrix (not depending on and q). Also we shall show that R osc is the R satisfying all the properties in the theorem/conjecture. First we prove that Ψ osc coincides with Ψ modulo right multiplication of a constant diagonal matrix, using the symmetry of the differential equation. Since Ψ osc R osc e U/ is a fundamental solution, Ψ osc is an eigenvector matrix of the connection matrix A 1 . However there is a symmetry of the differential equation:
since GA is symmetric, where G = (g α,β ). This shows that Ψ t osc GΨ osc is constant in q and so the claim is true. Now considering c i D α I Γ i for some constant c i not depending on and q, we conclude that ΨR osc e U/ is a fundamental solution matrix.
We investigate R osc modulo q. In order to select R osc not ΨR osc from the phase integrals we remove Ψ by expressing the fundamental solution with respect to the basis {∆ α ∂ ∂uα }. If s is a flat section of ∇ , then (
(Here σ as an element of permutation is defined in the remark below of corollary 2.) Therefore, the entries of R osc that we obtained above satisfy
By corollary 2
up to an irrelevant multiplication factor. However, for large z,
shown in p.252 of [18] . (The convention of Bernoulli numbers in [18] is different from us.) So R osc satisfies the classical limit condition.
Also from the symmetry of the differential equation we see that the orthogonal condition
Since φ α,q has the nonequivariant limit obviously, R osc has the nonequivariant limit of λ = 0. Finally, we prove the equivariant homogeneity of R osc . First notice that f q is quasi-homogeneous of degree 1, if we assign degree 1 to the integration variables and assign degree 2 (resp. degree 1) to q i (resp. λ i ). Expand f σ q at critical point u σ and so that after a coordinate change f σ q = u σ − y 2 j for some local variables y j . Now we see that
where y j has degree 1/2 and k m has degree −m − 1 2 dim X. Now using the asymptotic formula of the last integral and also of e fq/ φ α,q ω, we conclude that the degree of R k is −k. 2 4.2. The Virasoro constraints for flag manifolds. In this section we explain in short how to prove the Virasoro conjecture for flag manifolds, applying Givental's theory [12] .
Let X be a complex projective algebraic manifold with H odd (X) = 0. To study the so-called gravitational descendent Gromov-Witten invariants, consider a generating function called the genus g descendent potential
and the total descendent potential
Here t i are in H * (X). The potential will be considered as a formal function on t( ) = t 0 + t 1 + t 2 2 + .... Define q-coordinates by the dilaton shift q( ) = q 0 + q 1 + q 2 + ... := t( ) − 1 . Here 1 is the identity class in H * (X). When X is a point, Kontsevich proved the Witten conjecture that the total descendent potential Z pt is annihilated by specific quadratic differential operatorsL m + δ 
Eguchi -Hori -Jinzenji -Xiong and Katz [4, 5] extended the Witten conjecture for Grassmannians X and for all target spaces X, respectively. The extended conjecture is called the Virasoro conjecture: (L 
is an infinite dimensional symplectic vector space. Given a transformation T of H which is infinitesimally symplectic, that is Ω(T f, g) + Ω(f, T g) = 0, define a differential operatorT as a quantization of T as follows. First, consider a quadratic functionT associated with T by assignment f → 1 2 Ω(f, T f ). Then take a quantizationT ofT by the rule: 
>>, where
As introduced for X = F l(n + 1), for general X we have notions of semi-simple quantum cohomology, canonical coordinates u α , a pencil of flat connections and an asymptotic fundamental solution ΨRe U/ . Here R is form of 1 + R 1 + ... satisfying the orthogonality condition R * (− )R( ) = 1. Such R is unique up to right multiplication by diagonal matrices. However R is uniquely determined if the homogeneity condition is imposed. Now if T is S or R( ), then T could be viewed as a symplectic transformation of suitable completions of H since T * ( )T (− ) = 1. LetT = exp(ln T )ˆ. Denote (q 1 ( ), ..., q N ( )) = Ψ −1 q( ) for q( ) ∈ H + and define an operatorΨ by f (Ψ −1 q) → f (q). Notice that q i ( )-coordinate system is based on the orthonormal frame ∆ α ∂ ∂uα . The homogeneity condition of R is E(ΨRe U/ ) = µ(ΨRe U/ ), where E = ∂ + u α ∂ uα and µ = diag(deg(φ 1 )−dim C X/2, ...., deg(φ N )− dim C X/2). On the other hand S satisfies the homogeneity condition of ES = µS + S(µ + ρ/ ) * , where ρ is the operator of multiplication by c 1 (T X ) in ordinary cohomology ring. Define tr(µµ * ) agree with the operators in [3] . The theorem holds for a conformal semi-simple Frobenius manifolds.
Let a projective manifold X have a Hamiltonian torus T action with isolated fixed points and let u be a semisimple point of H * T (X). The previous potentials have the obvious equivariant counterpart. The following is shown in [11] and is reformulated in [12] as stated here. Remark. According to [12] the right side of the equation of the above theorem does not depend on the choices of a semi-simple point u, even though each term may depend on the choices. Proof. Take the nonequivariant limit of the equation of theorem 6 at a semi-simple point u in H 2 T (X). The left side of the equation is specialized to the ordinary total descendent potential. The limit of R on the right side exits. The limit is the homogeneous ordinary R due to theorem 4 combined with the uniqueness of homogeneous R| H 2 T (X) . 2
Combined with theorem 5, the above theorem shows the following corollary. 
